Integration by Parts

Liming Pang

Integration by Parts is a useful technique in evaluating integrals, which
is based on the Leibniz Rule of Differentiation.

Theorem 1. (Integration by Parts)

[ t@g@ o= palgta) - [ gfa)a) ds
Proof. By the Leibniz Rule of differentiating a product of functions, we know
(F@)g(@) = f'(@)g(a) + fla)g ()
So f(2)g(x) is an antiderivative of f'(z)g(z) + f(z)g (z),
[ F@g(@) + @)y @) do = Flalgla) + €
We then see
[ f@g @) dz = f@yg(o) - [ gla)s(a) da

]

Remark 2. Recall that given a differentiable function f, there is a corre-
sponding differential df = f'(z)dz, so the aove theorem can also be written
as
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We can use the above theorem to find antiderivatives of product of func-
tions.
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Example 3. Find antiderivatives of f(x) = ze®.

/a:ex dr = /;E(ex)'dx

= xe® — /(q:)’e"’“" dx

:xem—/ezda:

=gt -+ C

If you like to use the differential notation instead, you will get

/xexdm:/xdex
:xex—/exda:

=zxe’ —e"+C
Exercise 4. Find antiderivatives of f(x) = z%e®.

Example 5. Compute f%lnxdw

1
/—lnxdx = /(lnx)/lnxd:z:
T

= (Inz)(Inx) — /lnx(lnx)'dx
= (lnw)Q—/ilnxdx

We see [LInzdr = L(Inz)*+C

Exercise 6. Can you compute the above integral [ % In x dx using Integration
by Substitution?



Example 7. Evaluate [ e* cosx dx
/e“cosxdmz/e”dsinx
:el’sinx—/sinxdex
:exsinx—/e$sinaﬁd$
:ezsinx—(—/ewdcosx)
:exsinx+/exdcosx
:exsin:c—i-excos:c—/cosa:dex

=e¥sinx + e* cosx — /e’”cosxdx

So we obtain 2 [ e* cosx dx = e*sinx + e* cosx, and finally divide by 2 and

add constant, we get [ e” coszdr = & (sinz + cosz)

Exercise 8. Fuvaluate f e*sinx dx

Example 9. Evaluate [Inzdzx
/lnxd:c = :cln:c—/xdlnx = xlnx—/m(lnx)’dx = xlnx—/ ldx = zlnx—a+C

We can also apply the method of Integration by Parts in evaluating defi-
nite integrals:

Theorem 10.

/ f()g'(x) dx = f(b)g(b) — f(a)g(a) —/ g(x)f'(z) dx

Proof. We have seen that f(x)g(x) is an antiderivative of f(x)g'(z)+ f'(z)g(x).
Then by the Fundamental Theorem of Calculus,

/ f(@)g' (@) + F(2)g(x) dz = F(b)g(b) — F(a)g(a)



Example 11. Fvaluate f13 xlnxdr
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Example 12. Evaluate fol tan™! x dx

1 1 1
/ tan 'z dr = xtan'x| — / rdtan !z
0 0 0

1
:tanll—/ :z: dx
o 1+a?
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